A method for simulating seismic wave propagation in a laterally heterogeneous whole earth model is presented by solving the elastodynamic equations in 2-D cylindrical coordinates using the pseudospectral method (PSM). The PSM is an attractive timedomain technique that uses the fast Fourier transform for an accurate di¡erentiation of ¢eld variables in the equations. Since no dispersion error arises in Fourier di¡er-entiation, even when using a large grid spacing, computer memory and time are reduced by several orders of magnitude compared to traditional ¢nite-di¡erence methods. In order to examine body-wave phases with current computing resources, a slice through the sphere is approximated with a 2-D cylindrical model. An irregular grid spacing is used in the vertical coordinate to improve the treatment of the various structural boundaries appearing in the earth model by matching the heterogeneity in the model. Synthetic seismograms obtained by the PSM calculation are compared with those calculated from an exact simulation method for a spherically homogeneous (1-D) earth model and achieve good agreement.
INTRODUCTION
A number of studies have recently been conducted with the object of simulating seismic wave propagation in spherical earth models in order to complement the results obtained from observed broad-band records. For example, Wysession & Shore (1994) simulated seismic SH waves in the mantle using a modal summation technique and Cummins et al. (1994a,b) used the Direct Solution Method for the seismic wave simulation of a spherically symmetric earth model. Friederich & Dalkolmo (1995) calculated complete synthetic seismograms using a numerical integration technique. For spherically heterogeneous earth models, such as have been derived from high-resolution tomography studies, the requirements for wave¢eld modelling are more severe. In this heterogeneous case, in which material parameters may vary with both angular and vertical direction independently, simulation techniques have recently been extended by solving the elastodynamic equations with ¢nite-di¡erence approximations (e.g. Alterman et al. 1970; Igel & Weber 1995 , 1996 Yoon & McMechan 1995; Chaljub & Tarantola 1997; Igel & Gudmundsson 1997) and by exploiting Galerkin weak-form expansions (Cummins et al. 1997) . For large-scale seismic wave propagation in a whole earth model, strong material discontinuities need to be taken into account in the mantle. Much e¡ort has been expended to achieve accurate results with reduced computational requirements, since numerical errors such as grid dispersion in traditional ¢nite-di¡erence schemes usually distort the pulse shape propagated for longer distances unless a very small grid spacing is employed and/or higher-order ¢nite-di¡erence approximations are used (see e.g. Fornberg 1987) .
The pseudospectral method (e.g. Koslo¡ et al. 1984) we use here is an attractive alternative to the traditional ¢nite-di¡erence scheme that uses an accurate di¡erentiation scheme using the fast Fourier transform (FFT) for calculating the spatial derivatives in the equations; therefore accurate results can be obtained even with large grid spacing so that computational memory and time are considerably reduced compared to the traditional ¢nite-di¡erence simulations (see e.g. Fornberg 1987; Daudt et al. 1989; Vidale 1990) . For this reason the PSM modelling has typically been applied for large-scale and high-frequency seismic wave modelling in both 2-D (e.g. Kang & McMechan 1990; Furumura & Takenaka 1996) and 3-D models (e.g. Reshef et al. 1998; Furumura et al. 1998 ) using the Cartesian coordinate system.
Here we present the PSM simulation for the modelling of seismic P and SV waves in a 2-D heterogeneous earth structure. We simplify the problem by considering a slice through the sphere and solve the elastodynamic equations in a 2-D cylindrical coordinate system rather than in spherical coordinates. This approximation enables us to produce results for comparatively high-frequency body waves (periods up to 15 s propagating for the whole 360 0 range of the earth) within the limitation of current computer resources. There is the further advantage of avoiding the pole axis at r~0, n in the full spherical coordinate system, which cannot be simply treated in the numerical simulation of a 360 0 earth model. For simple con¢gurations we expect that the major di¡erence in the wave¢elds obtained from the 2-D approximation and the full spherical simulations will arise from the geometrical spreading factors and the con¢guration of seismic sources implicitly assumed in these coordinate systems. In 2-D cylindrical coordinates we will have a symmetric line source, whereas in the 2-D spherical coordinates we would use an axisymmetric ring source.
The application of the PSM to the solution of wave propagation problems in 2-D cylindrical or polar coordinate systems has already been conducted for the forward modelling of geophysical exploration experiments for boreholes Tessmer et al. 1992) and around circular objects such as a cavity. These treatments used Chebyshev polynomials for the expansion of ¢eld variables in the vertical direction, rather than using the Fourier transform, since an accurate representation of the free surface and the rigid boundary conditions can be naturally incorporated in the Chebyshev transform at the edge of the domain. However, the Chebyshev transform is de¢ned through a set of special collocation points with decreasing grid intervals towards boundaries, which leads to severe stability problems and the need for a very small time step. In order to avoid this problem, Koslo¡ et al. (1990) used a coordinate transform to recast the Chebyshev mesh in order to enlarge grid intervals, and Kessler & Koslo¡ (1991) developed a multidomain technique by combining a set of concentric regions, each with a separate Chebyshev mesh associated with suitable boundary conditions to combine the subregions. Therefore, the design of a Chebyshev mesh that is suitable for both computational requirements and the representation of the structural heterogeneity in a whole earth model would be rather di¤cult.
In this paper we use the pseudospectral method with a Fourier transform in both vertical and angular directions with the use of an irregularly arranged grid model using a mapping technique (Fornberg 1988) in the vertical direction. We make use of the irregular grid model so the spatial resolution in this coordinate is improved and therefore structural heterogeneity in the earth model can be adequately treated even using a coarse PSM grid.
In the following sections we ¢rst give an explanation of the PSM scheme for calculating seismic P^SV-wave propagation in the 360 0 earth using the 2-D cylindrical coordinate system. In order to demonstrate the e¡ectiveness of the modelling procedure we will conduct a series of simulations of 2-D wave¢elds in a laterally homogeneous earth model. We compare the simulation result with that obtained from an exact method to show the accuracy of the PSM simulation. We then evaluate the wave¢eld in models with strongly heterogeneous inclusions in the uppermost mantle or just above the core^mantle boundary. The behaviour of the wave¢eld will be illustrated by using a sequence of wave¢eld snapshots derived directly from the time-domain simulation for each model, together with synthetic seismograms at surface stations at regular intervals around the Earth's circumference. The combination of this information helps to provide a direct insight into the nature of seismic wave behaviour in the di¡erent classes of models of the Earth's interior. We will consider a 2-D cylindrical coordinate system with coordinates (r, h, z), where all ¢elds are invariant in z (i.e. L/Lz~0). The equations of momentum conservation for the 2-D wave¢eld are then (Aki & Richards 1980; Fung 1965 
where U p~ U p (r, h, t) ( p~r, h) are the acceleration in the vertical r and angular h directions at a gridpoint (r, h) at time t, o~o(r, h) is the mass density, f p~fp (r, h, t) ( p~r, h) are body forces and p pq~ppq (r, h, t) ( p, q~r, h) are the stress components,
where U p~Up (r, h, t)( p~r, h) are the displacement components, j~j(r, h) is the Lame¨modulus and k~k(r, h) is the shear modulus. The seismic source for a double-couple line source can be incorporated into these equations by using an equivalent body force (see e.g. Aki & Richards 1980 , Chapter 3).
Seismic source
The body force for a double-couple line source corresponding to a set of moment rate tensor components M rr (t), M rh (t), and M hh (t) can be written as
where pª is a pseudo-delta function introduced into the discrete grid over a small region and time around the centre of the source (r 0 , h 0 ) at time t 0 , and
where p s and p t are Herrmann's pseudo-delta functions (Herrmann 1979) . p s extends over some gridpoints in space and p t covers the source time duration. We use the pseudodelta source distribution in space rather than a strict point source (i.e. Dirac delta function) because spatial di¡erentiation calculation using an FFT with ¢nite wavenumbers often produces an aliasing error around the discontinuity in the wave¢eld from a point source that leads to instability in the calculation (see e.g. Koslo¡ et al. 1984; Furumura & Takenaka 1992) .
Time integration
The displacements at the next time step are explicitly evaluated from the wave¢eld at the current and previous time steps. For example, the following second-order ¢nite-di¡erence scheme is often used:
and
where U p~ U p (r, h, t) (p~r, h) denotes the particle velocity and *t is the time step, which is constrained by the ratio of minimum grid spacing, * min , in the numerical mesh to maximum wave-propagation speed, V max , so that
where a is a coe¤cient that de¢nes the accuracy in the time integration calculations in order to minimize the error below an acceptable level [e.g. a~0.26 for a 1 per cent tolerance error level for the second-order approximation; see Daudt et al. (1989) ]. High-accuracy integration schemes such as those based on higher-order Taylor's expansions (e.g. Igel & Weber 1995) , the Runge-Kutta method (e.g. Koslo¡ et al. 1990 ) and spectral integration techniques using Chebyshev expansions (Tal-Ezer et al. 1990) could also be applied in the integration scheme and lead to a larger value of a (i.e. larger allowed *t), but at the cost of additional computational memory and time.
Anelastic attenuation
Anelastic attenuation in the medium is simply incorporated in the time-domain simulation by multiplying the values at each gridpoint of the stress and velocity ¢eld by the attenuation coe¤cients given by Graves (1996) as
where Q is the anelastic attenuation factor for a reference frequency f 0 . This form implies a frequency-dependent quality factor of the form Q( f )~fQ 0 /f 0 , where Q 0 is the quality factor at the reference frequency (see Graves 1996) . This convenient attenuation scheme requires little computational memory and time and it is therefore very e¤cient for the implementation of large-scale simulations. However, a signi¢cant drawback is that a separate allowance cannot be made for the anelastic attenuation of compressional (P) and shear (S) waves. We therefore use an averaged attenuation factor of Q P and Q S ,
S )/2, and the reference frequency f 0 for the dominant source frequency, so both the P and the S wave¢elds should be moderately attenuated.
Boundary condition
Boundary conditions for the displacement and stress components at the internal interfaces in the simulation model are implicitly treated in the PSM modelling by changes in the elastic parameters and density that are assigned at each gridpoint.
The free-surface boundary condition at the Earth's surface is simply incorporated into the calculation by introducing an air-¢lled zone with j~k~0 over the surface, while the density o keeps the value just below the surface to preserve computational stability at the free surface (see Graves 1996) . The periodicity of the FFT will also lead to a free-surface boundary at the base of the model in the Earth's interior; an absorbing boundary with a 20-grid bu¡er zone following Cerjan et al. (1985) is applied at the bottom to reduce arti¢cial re£ections. The periodic boundary condition in the angular direction for the whole earth modelling is naturally incorporated in the calculation from the periodicity in the FFT.
Angular spatial di¡erentiation (L/Lh) by using the FFT
In the PSM the spatial derivatives in eqs (1) and (2) are analytically calculated in the wavenumber domain, and the transformation between the physical domain and the wavenumber domain is e¤ciently performed by means of an FFT as follows. First the ¢eld quantity f (n*h)(n~0, 1, F F F , N{1) at spatially discrete locations with a uniform interval of *h at a given depth r is transformed into the wavenumber domain by the 1-D FFT,
where 847 The seismic wave¢eld for a heterogeneous earth represents the Fourier transform of f (n*h). The data are then multiplied by the imaginary unit i and spatial wavenumber l*k to achieve the di¡erentiation. They are then transformed back into the physical domain using an inverse FFT,
( 1 0 ) For the di¡erentiation of 2-D variables, the calculation of (9) and (10) is carried out sequentially along the r direction.
Since the Fourier di¡erentiation gives exact results up to the Nyquist wavenumber (k N~2 /N*k), as few as two gridpoints per minimum wavelength are theoretically su¤cient for treating seismic waves in the PSM simulation. This is a major attraction of the PSM compared with the traditional lowerorder ¢nite-di¡erence method which needs much smaller grid spacing for simulating seismic wave propagation without developing large grid dispersion.
Vertical spatial di¡erentiation (L/Lr) for an irregular grid con¢guration
We use an irregular grid con¢guration in the vertical coordinate (r) in order to improve the spatial resolution in this direction and to include structural discontinuities in the coarse PSM grid. In the angular (h) direction a uniform grid spacing is used, since the scale of heterogeneity in this direction is relatively large compared to the vertical direction. Fig. 1 illustrates the PSM grid con¢guration for the seismic wave simulation in an earth model. In this model the grid size in the vertical direction (*r) is chosen to be small at the free surface and the CMB, where strong heterogeneity exists, and is gradually enlarged as the distance from the boundaries increases. This grid con¢guration with a number of gridpoints in the vicinity of large material discontinuities such as just below the free surface and around the CMB is, at the same time, quite e¤cient in suppressing the Gibbs's noise produced during the di¡erentiation calculation using the FFT at the discontinuities, since this oscillation noise decays exponentially as the number of gridpoints from the boundary increases.
To calculate the derivatives of unequally arranged data, we use a mapping technique introduced by Fornberg (1988) for evaluating the derivatives using an ordinal FFT for equally sampled data. The di¡erentiation in the vertical r direction in eqs (1) and (2) is calculated as follows. First the derivatives are evaluated using the ordinary di¡erentiation scheme assuming a regular grid interval of *r 0 and a corresponding discrete wavenumber of *k 0~2 n/N*r 0 as
( 1 1 ) The results are then multiplied by compensation factors, which are de¢ned by the ratio of the actual grid size at each point *r(r) to the assumed regular grid size *r 0 , and the derivative at (c) P-and S-wave velocity structure in the spherically symmetric IASP91 earth model (Kennett & Engdahl 1991) and the density (o) based on the PREM model (Dziewonski & Anderson 1981) .
each gridpoint is evaluated by the chain rule as
Complete details of the mapping technique for the application of PSM calculation, demonstrating the accuracy of the di¡erentiation and introducing the application of irregular grid models such as for accurate incorporation of curved interfaces and surface topography, can be found in e.g. Fornberg (1988) , Tessmer et al. (1992) and Nielsen et al. (1994) .
SIMULATION OF SEISMIC WAVES IN LATERALLY HOMOGENEOUS AND HETEROGENEOUS EARTH MODELS
In order to demonstrate the feasibility of the PSM for largescale Earth simulation we have conducted a sequence of seismic wave simulations using both a spherically symmetric earth model and a model with strong localized heterogeneity.
In this section we ¢rst discuss the propagation of seismic waves from a deep (600 km) source in a spherically symmetric earth. This enables us to identify the phases generated at the free surface and internal interfaces and their subsequent propagation in the mantle and core. We compare synthetic seismograms calculated by the PSM simulation with an exact waveform obtained by a DSM calculation (Cummins et al. 1994b) to show the accuracy of the PSM.
We look at the in£uence of regions of signi¢cant heterogeneity (+5 per cent perturbation) placed just below the free surface and just above the CMB on the character of the seismic wave¢eld. The zones with the strongest recognized heterogeneity in the mantle lie in the upper 400 km or in the D@ zone just above the CMB. By comparing the results for the heterogeneous models with the spherically symmetric reference earth model we can isolate the in£uence of the heterogeneity and examine the way in which the presence of di¡erent classes of heterogeneity modi¢es the seismic wave¢eld.
Example 1: spherically symmetric earth
The whole earth model we use here is based on the seismic velocities from the spherically homogeneous IASP91 model (Kennett & Engdahl 1991) , supplemented with density and anelastic attenuation structure based on the PREM model (Dziewonski & Anderson 1981) , with adjustments in the upper-mantle structure to match the absence of a 210 km discontinuity in IASP91. The representation of the model employs 2048 nodes in the angular direction with a regular grid interval of *h~0X1758 0 to cover the full angular range of 360 0 . The spacing of the vertical gridpoints on surfaces of constant radius, in the circular coordinate model, ranges from *r~19X5 km at the free surface to 5 km at the base of the grid in the inner core. In the vertical direction 512 nodes are used, extending from 735 km above the free surface in the air zone to 5315 km below the surface, including the whole of the mantle and the outer core. Note that because of the singularity in the cylindrical coordinate system at the centre of the earth (r~0), the inner-core zone is excluded from the numerical model.
Using the minimum S-wave velocity just below the surface (V S~3 .36 km s {1 ) and the minimum S wavelength (50.4 km) for a source with a dominant period of 15 s, the number of gridpoints per wavelength for this model is 2.58, which is su¤cient for the PSM simulation. A time step of *t~0.1 s is used, which is derived from the minimum grid size (5 km) and maximum wave-propagation speed (V P~1 3.7 km s {1 ) around the CMB.
We use a double-couple line source for a strike-slip fault model placed on a node at 600 km depth, which imparts seismic waves with a Herrmann pseudo-delta function (Herrmann 1979 ) source time history with a dominant period around 15 s. The deep (600 km) source has been chosen so that P and SV waves are radiated directly into the mantle with a clear separation from the depth phases produced from the re£ection of the direct waves at the free surface.
Wave¢eld snapshots
We illustrate the propagation characteristics for the P^SV seismic wave¢eld in the spherically symmetric earth model by a sequence of snapshots (Fig. 2) . A regular time interval of 120 s between frames is employed from initiation of the P-and S-wave radiation from the source until the core phase PKP approaches the free surface (1080 s frame). We also display some other frames at later times (1320, 1680 and 2280 s), which display further features of interest. In order to enable a ready interpretation of the wave¢eld each snapshot represents the Pand SV-wave contributions constructed from the divergence and curl of the wave¢eld:
( 1 3 )
The P-wave contribution is shown in red and the SV-wave component in green.
The sequence of snapshots provides an e¡ective summary of the propagation of the major seismic phases. In the ¢rst frame (120 s) of Fig. 2 we see the P and S waves radiating from the double-couple source, with a near-circular wave front modulated by four-lobe radiation patterns. The shapes of the wave fronts are slightly distorted from a circle because of the in£uence of the 410 and 660 km discontinuities. The P wave radiating upwards from the source has been re£ected at the free surface and propagates back into the mantle as a pP phase. We can also see small P and S re£ections from the uppermantle discontinuity at 410 km; re£ections from the 660 km discontinuity are not visible because the source depth (600 km) lies so close to the interface.
In the 240 s frame we see strong surface re£ected phases sS and sP generated from upgoing S. The free-surface conversion pS with propagation close to vertical is separating from the P-wave front. The main P-wave front has reached the CMB, with transmission in the core PK with a £attened wave front induced by the signi¢cant drop in the P-wave velocity and the consequent sharp refraction towards the vertical. The core PcP and PcS re£ections from the CMB propagate back into the mantle.
At the 360 s frame the pP phase front has reached the CMB, producing pPcP and pPcS re£ections and a pPK transmitted 
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The seismic wave¢eld for a heterogeneous earth Figure 2 . Snapshots of seismic waves from a 600 km deep source propagating in a spherically symmetric earth model. The P-wave contribution is shown in red and the SV-wave contribution in green. The discontinuities at 410 and 660 km are indicated by dotted lines, and boundaries at the CMB and inner-core/outer-core boundary (ICB) are shown as solid lines. The elapsed time from the source initiation is shown in the middle of each frame. The major seismic P and S phases are labelled in the right and left hemispheres, respectively. T. Furumura, B. L. N. Kennett and M. Furumura wave. Multiple P re£ections (PP) are superposed on pP, producing large energy between the upper-mantle discontinuities at 410 and 660 km. The PcP phase approaches the free surface and the PcS phase is clearly seen in the lower mantle. The S-wave front has just impinged on the CMB. By the 480 s frame the PP phase is a prominent feature in the uppermost mantle at a distance of around 40 0 linking with P-to-S conversions at the free surface. A strong converted phase SK has been produced in the core from the incident S-wave front since no shear wave can exist in the liquid core. The ScS re£ection from the CMB is visible, but the ScP conversion is too small to be discerned in the snapshot. In the 600 s frame there is a clear separation between the P-, S-and sS-wave fronts. The di¡erent classes of core re£ection such as the PcS and sPcP successively approaching the free surface in the region close to the epicentre.
By 720 s the P wave has almost reached an epicentral distance of 90 0 at the surface and merged with the PcP arrival. For distances greater than 100 0 the ¢rst P arrival to reach the surface is a di¡racted P diff phase propagating through the lower mantle, which is just discernible at the tip of the P-wave front in the 600 and 720 s frames. The multiple S phases in the upper mantle produce large amplitudes at the free surface around 30 0 . Because the compressional velocity in the core is faster than the shear velocity at the base of the mantle, the SK phase propagating in the core has a slightly faster propagation speed than the S-wave speed in the lowermost mantle, and as a consequence the SK-wave front connected with the ScS-wave front in the mantle (480 s) gradually separates from the S-wave front in the lowermost mantle. This produces a triplication between these S-wave groups with a complex wave-front pattern. In the 840 s frame there is a clear separation of an SKS phase propagating back into the mantle, while internal re£ection at the CMB produces an SKK phase in the core. On the far side of the core the PK phase impinges on the CMB with a large incidence angle and produces the mantle phases PKP and PKS in transmission.
At 960 s multiple PP and PPP reverberations in the mantle have developed, showing an obvious`Y'-shaped wave front. Such a feature associated with free-surface multiples is also found between the S and SS waves. The group of arrivals associated with sS produces another S-wave triplication between the sS, sSK and sScS phases just above the CMB. In the 1080 s frame the PKP approaches the free surface with a large amplitude at an epicentral distance around 144 0 as the various branches of the PKP-wave front coalesce after having taken somewhat di¡erent paths.
In the later frames we isolate a number of di¡erent wavepropagation phenomena. At 1320 s the multiple re£ections between the free surface and the CMB such as (ScS) 2 and s(ScS) 2 are clearly seen. S itself approaches 100 0 at the surface, and is followed by a complex train of surface multiples such as SS and SSS. The PKP phase re£ected at the surface propagates back through the mantle and penetrates the core (see the 1680 s frame); it ¢nally returns to the surface as the P'P' [i.e. (PKP) 2 ] phase, which is typically observed with a focusing near 284 0 from the epicentre (see around 76 0 on the 2280 s frame).
Synthetic seismograms
The snapshots give a clear depiction of the internal processes that lead to the surface seismograms displayed in Fig. 3 . Record sections of synthetic velocity seismograms for both the vertical and the angular components are presented together with key diagrams showing the arrival times for major bodywave phases for the IASP91 model. P phases are displayed with the vertical component and S phases with the angular component. These ray-theoretical times are also superposed on the synthetic seismograms, showing good agreement with the numerical modelling.
At epicentral distances below 100 0 , the ¢rst arrival is the direct P wave propagating through the mantle from the source, which has a large amplitude at a distance of around 80 0 with the superposition of the PcP phase. While the ¢rst P arrivals beyond 100 0 are small, the P diff phase can be discerned in the seismograms to at least a distance of 120 0 . Multiple P 
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The seismic wave¢eld for a heterogeneous earth re£ections at the free surface such as PP, PPP and PPPP are clearly seen in the seismograms with large amplitudes around 40 0 , 60 0 and 80 0 from the epicentre. The S-wave multiples such as SS and SSS are found in broad distance ranges with large and long wave trains on both vertical and angular components. Triplications between the direct S, ScS^SKS and S diff phases and between the sS, sScS^sSKS and sS diff phases are obvious at epicentral distances around 80 0 and 84 0 , respectively. As expected, we see a clear separation between the PKP phase on the vertical component and converted core phase SKS and the core re£ection ScS phase on the angular component.
Comparison of synthetic seismograms with another method
In order to demonstrate the accuracy of the PSM simulation, we compare the synthetic seismograms with that derived from an another simulation scheme, the Direct Solution Method (DSM: Geller & Ohminato 1994; Cummins et al. 1994) , which gives an exact waveform for spherically symmetric media. The seismic source and the structural model used are the same as those illustrated in the previous section, including both mantle and core but just a radial variation in seismic properties. Anelastic attenuation (Q) was excluded, since the treatment of anelasticity in the two schemes is completely di¡erent. We applied low-pass ¢ltering with a cut-o¡ period of T~15 s in order to reduce the numerical noise that arose during the calculation using the in¢nite-Q structural model in the simulation. Fig. 4 compares the synthetic velocity seismograms of the vertical and angular components of displacement calculated using both the PSM and the DSM for distances close to 30 0 , 70 0 , 110 0 and 150 0 from the epicentre. The traces for the two methods are calculated at the same distance but are displaced in the displays for ease of comparison. The geometrical spreading from the line double-couple source for the 2-D wave¢eld in 2-D cylindrical coordinates in the PSM method and the point double-couple used in the DSM approach in spherical coordinates are somewhat di¡erent. However, in the far ¢eld we can make a compensation for the di¡erences by multiplying the PSM seismograms by a factor of R {0X5 , where R is the distance from the epicentre, to give the corrected amplitude of the waveform for a point source. In Fig. 4 there is good agreement between the seismograms calculated using the two di¡erent methods at every epicentral distance, demonstrating the accuracy in the PSM calculation including source implementation and boundary conditions. Some di¡erences in the wave shape, especially at later times and larger distances such as are obviously seen in the SS and SSS phases (e.g. see the seismogram at 70 0 ) are likely to be mainly due to the simplicity of the geometrical spreading correction for arrivals with very di¡erent paths, the di¡erence in the pulse shape between a point and a line source in far-¢eld waveforms (see e.g. Vidale et al. 1985; Song & Williamson 1995; Furumura & Takenaka 1996) and subtle di¡erences in the discretization of the velocity structure represented by a coarse PSM grid.
Example 2: uppermost mantle heterogeneity
We now consider the introduction of large-scale heterogeneity in the uppermost mantle and look at the way in which such features modify the character of the wave¢eld. The model consists of a z5 per cent anomaly zone (with faster V P , V S and larger o, Q than the reference model) with a trapezoidal shape 2500 km long by 250 km deep, which is emplaced below the free surface in the distance range +30 0 to +55 0 from the source. The anomaly is a representation of a shield structure such as the craton of the Australian continent, but the anomaly scale we employ here is slightly larger than reality (e.g. Zielhuis Figure 5 . Snapshots of seismic waves propagating in a spherically heterogeneous earth model, with {5 per cent (left) and z5 per cent (right) material anomalies just below the free surface (dark zone). The wave¢eld is displayed for the epicentral distance range {105 0 to 105 0 . The contribution of the P wave is shown in grey and the S wave is shown in black. Major phases are marked in the ¢gure. & van der Hilst 1996) in order to enhance the visibility of seismic disturbances in the zone. This higher-wave-speed model is balanced by an equivalent negative anomaly with a {5 per cent perturbation that is the same size as the shield, which is placed on the opposite side from the source. We have used the same source mechanism and depth as in the previous experiment so we can make direct comparisons with the snapshots and synthetic seismograms of the previous reference model. Fig. 5 displays snapshots of the seismic wave¢eld for this model with shallow heterogeneity using a regular time interval between frames and the same ampli¢cation factor for each frame.
In the ¢rst (360 s) frame we see the P wave propagating into the regions of raised and lowered velocities with an advanced or retarded wave front. At 600 s pP, PP and sP phases propagate through the anomalous zones. These phases have acquired a larger amplitude in the case of reduced wave speed on the left than in the higher wave speed (shield) on the right. In the 840 s frame the S-wave front has reached the perturbed regions. On the left, the lowered-wave-speed feature has produced a pronounced S-to-P conversion at the edge so that a large Rayleigh wave is produced from the coupling between the P wave and the SV waves. However, for the higher-wave-speed zone on the right the surface wave is much weaker because the S-to-P conversion is not so strong.
At 1080 s the SS phase is about to leave the loweredwave-speed zone, on the left, followed by a large and long wave train. The SS and SSS phases propagating through the region are weakened by the increased attenuation as well as energy conversion to a P wave.
Synthetic seismograms for the vertical and angular velocity components at the surface stations are illustrated in Fig. 6 . Superposed on the seismograms are the traveltimes for P and S for the reference earth model from Fig. 3 . In the lower panel of each of the seismogram displays we show di¡erential seismograms displaying the di¡erences between the results for the heterogeneous model and the seismograms for the spherically symmetric reference model from Fig. 3 . Such di¡erential seismograms are very sensitive to small changes in arrival time and wave amplitude and so highlight the in£uence of the heterogeneous features. We also show an expanded seismogram of the vertical and angular components at an epicentral distance range of 30 0 to 90 0 in which the change in the waveform a¡ected by the upper-mantle heterogeneities is clearly seen (Fig. 7) .
We recall that the two anomalies are placed below the surface at a distance of +30 0 to +55 0 from the epicentre. In the synthetic seismograms we can discern delay and advance of the P and S waves due to the varying velocity anomalies below the stations. In the region of the negative anomaly the seismic records are slightly ampli¢ed; this is noticeable in the S and SS phases. For stations on the left, outside the anomalous region, S and SS are weakened because of the removal of S-wave energy at the edge through S-to-P conversions. Traveltime anomalies also occur in the PP and PPP multiples because they penetrate the anomalous regions two and three times. A corresponding change in the wave shape is developed in the S-wave multiples such as SS and SSS. Most core phases are not noticeably a¡ected by this upper-mantle heterogeneity, except for sSKS and pSKS phases, which are produced from surface re£ections from the anomalous zone. The example of near-surface heterogeneity demonstrates the way in which large-scale deviations from a spherically averaged structure can have a signi¢cant in£uence on the character of the wave¢eld both directly through local in£uences on arrivals and indirectly by the modi¢cation of surface multiples that carry the e¡ects to greater distances.
Example 3: lowermost mantle heterogeneity
Our third example introduces strong deviations from the spherically symmetric reference model in the lowermost mantle just above the CMB. The heterogeneous model consists of two semi-elliptical perturbations (+5 per cent in material properties) 1600 km wide and 400 km thick placed on top of the CMB in the distance range +30 0 to +60 0 from the epicentre (Fig. 8) . The scale and level of these anomalies are again about twice as large as suggested from observations (see e.g. Loper & Lay 1995) in order to enhance the visibility of the interaction of seismic phases with the anomalous structures. We use the same source as the previous experiments, so that direct comparisons between snapshot and synthetic seismograms are practicable.
In the ¢rst frame (360 s) of Fig. 8 we see the interaction of the P-wave fronts with the abnormal D@ structures. Depending on the sign of the velocity heterogeneity, the wave fronts are slightly advanced/delayed within the zone. It is interesting to note that the P wave penetrating the low-velocity zone over the CMB is strongly bent towards the horizontal so that large P diff and pP diff phases are produced. Consequently, a large P arrival should be observed at distances beyond 100 0 from the epicentre (see the 600 s frame).
It is also interesting to see that the large pS phase impinging on the higher-velocity-anomaly zone is strongly re£ected towards the free surface (see the 840 and 1080 s frames), which should lead to a signi¢cant pS arrival at the free surface. However, the pS phase propagating through the lower-velocity anomaly zone is considerably weakened in the high-attenuation material in the zone and so should not readily be seen at surface stations.
Since the S-wave speed for the higher-velocity anomaly is almost as fast as the SK-phase propagation in the core, the triplication in the S-wave group does not appear clearly, whereas, with lowered wave speeds, there is a strong velocity contrast between SK-phase propagation in the core and the S wave in the anomaly zone and in consequence the S-wave triplication is much clearer on the left-hand sides of the snapshots (840 and 1080 s).
Record sections of vertical and angular component synthetic velocity seismograms for this model and the corresponding di¡erential seismograms from the reference case are displayed in Figs 9 and 10. As expected, there is an enhancement of the P diff arrival for epicentral distances beyond {100 0 on the left due to the in£uence of the low-velocity inclusion above the CMB. The pP diff arrival is also enhanced. The e¡ects of the di¡erent types of anomalies are clearly seen in the di¡erential seismograms with a large discrepancy between the seismograms for the heterogeneous model and the reference model around the S triplication at a distance of about +80 0 and the sS triplication near +84 0 in both the vertical and the angular components. The sP phase propagated through the higheranomaly zone and strongly bent towards the free surface is found at an unusual distance of around 90 0 from the epicentre.
Traveltime anomalies are seen in the pP phase around a distance of +90 0 from the epicentre, and also in the PcP and PKiKP phases near +60 0 , which are produced from the P wave propagating through the anomalies.
Evidence is increasing for widespread and complex heterogeneity in the zone above the CMB including anisotropic e¡ects (see e.g. Loper & Lay 1995) . This simple illustration demonstrates the way in which such structure can have a signi¢cant in£uence on parts of the wave¢eld, including enhancing the visibility of phases that would generally have low amplitude (e.g. P diff ). The details of deep heterogeneity will frequently be re£ected in subtle variations in the character of seismic phases that can get further distorted by near-surface e¡ects, as seen in the previous example.
DISCUSSION AND CONCLUSIONS
We have presented the PSM method for simulating a 2-D approximation to seismic wave propagation in a laterally heterogeneous 2-D earth model. Since no numerical dispersion error arises from the accurate di¡erentiation scheme used in the PSM simulation, it is very suitable for large-scale simulation of seismic waves in strongly heterogeneous whole earth models.
We have demonstrated the e¡ectiveness of the calculation procedure using a set of 2-D simulations of seismic waves propagating in a spherically homogeneous earth as well as a strongly heterogeneous earth model. With the aid of a sequence of snapshots of seismic waves separated into P-and SV-wave contributions supplemented by synthetic seismograms, one can clearly see the nature of the seismic wave¢eld within the earth. Di¡erential seismograms that compare the change in character of seismic phases from that expected for a homogeneous reference earth model provide a useful tool for examining the in£uence of heterogeneous structure in the mantle.
The restriction to a 2-D implementation in a cylindrical coordinate system for the PSM method arises from the limitations of current computer power. The simulations are useful for examining the e¡ect of many types of heterogeneity but care should be taken when comparing the synthetic seismograms with any observations, since the geometrical spreading of the line sources implicitly assumed in the 2-D modelling is somewhat smaller than the actual wave¢eld from a 3-D point source, and moreover scattering and focusing/ defocusing e¡ects from out-of-plane wave¢elds are implicitly neglected in the 2-D modelling.
The computational requirements for the 2-D simulations with a source function with dominant period of 15 s presented here are 85 Mbyte memory in a single precision calculation with a CPU time of 115 hours on a DEC Alpha workstation (500 MHz clock speed) in order to evaluate seismic wave propagation to an elapsed time of 2600 s. Extension of the PSM method to 3-D modelling, the ¢nal goal of our simulation study, is relatively straightforward, and we have already prepared the 3-D code with the knowledge obtained from the current simulations. However, full 3-D simulation is still very expensive, even using the PSM. For example, the computer power required for a 3-D hemisphere earth model simulation with the same grid size as the 2-D simulation requires about 1 TByte memory and a computation time of 14 000 hours, and so is practically unrealistic. However, we believe that the trend of steadily increasing computer power and parallel-computing algorithms (e.g. Reshef et al. 1988; Liao & McMechan 1993; Furumura et al. 1998) will bring closer the use of full 3-D spherical earth simulations for practical applications even at relatively short periods. 
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